Abstract: Recently, genetic algorithm (GA) has been introduced as an effective method to solve the registration problem. It maintains a population of candidate solutions for the problem and evolves by iteratively applying a set of stochastic operators. Accordingly, a key question is how to reduce the population size. In this study, the authors present two techniques for reducing the population size in the GA for registration of partially overlapping point sets. Based on the trimmed iterative closest point algorithm, they introduce a growth operator into the GA. The growth operator, which is also inspired by the biological evolution, can improve the GA efficiency for registration. Furthermore, they present a technique called centre alignment to confirm the value range of all the registration parameters, which can reduce the search space and allow the welldesigned GA to directly solve the registration problem. Experimental results carried out with the m-dimensional point sets illustrate its advantages over previous approaches.
Introduction
The problem of point set registration is a fundamental issue in computer vision, pattern recognition and robotics because of its wide application in three-dimensional (3D) reconstruction [1] [2] [3] , face recognition [4] [5] [6] , robotic mapping [7, 8] , medical image processing [9] , reverse engineering [10] and so on. The goal of registration is to setup correspondence between two point sets and recover the corresponding transformation, which can make one point set to be in the best alignment with the other. The most popular solution to registration is iterative closest point (ICP) algorithm [11] , which can achieve the registration with good accuracy and fast speed. However, this basic approach is widely known to be susceptible to local minima. Besides, this approach cannot accurately register point sets with outliers, which may often arise in practical applications. To improve registration performance, many ICP variants have been derived and a short survey of these variants was presented in [12] .
To address the local convergence issue, invariant features were introduced by Sharp et al. [13] to reduce the probability of being trapped into local minimum. By applying the expectation-maximisation (EM) principles, Granger and Pennec [14] described a registration algorithm called EM-ICP, which uses a coarse-to-fine approach based on an annealing scheme to improve the robustness. Besides, Fitzgibbon [15] proposes a robust ICP variant by optimising the cost function with the Levenberg-Marquardt algorithm. Even though these approaches do extend the narrow band of convergence, they are still heavily dependent on the initial alignment and may fail because of the outliers.
In many practice applications, they need to achieve registration of the partially overlapping point sets. To obtain the global minimum, a commonly utilised way is to estimate the initial parameters [16, 17] for the ICP algorithm or variants. However, it is difficult to obtain good initial parameters for partially overlapping point sets. Therefore another choice is to find the optimal solution from the whole search space. Consequently, the genetic algorithm (GA) [18] has been introduced as an effective method to solve this problem. In the early stage, Jacq and Roux [19] employed the GA for registration of 3D volumetric bitmaps with elastic transformation. Brunnstrom and Stoddart [20] adopted the GA to find the best correspondence set between two measured point sets, which is used to calculate the optimal transformation. As the operational complexity of the GA grows quadratically with the number of points, this approach is only applicable to a relatively small number of points. Yamany et al. [21] proposed another registration approach based on the GA. However, it is not suitable for the registration of two partially overlapping point sets, which both contain non-overlapping parts to each other.
Later, Robertson and Fisher [22] applied the GA to the registration of the measured data. As this method cannot automatically deal with arbitrary overlapping, it does not fit for partially overlapping point sets. Meanwhile, some evolution algorithms [23, 24] are also applied to the registration of the 3D image and they also cannot handle partially overlapping datasets. Then, Silva et al. [25, 26] proposed an enhanced GA with hill-climbing strategy for the alignment of partially overlapping range images. To handle the partially overlapping problem, it requires a predefined residual threshold, which needs to be manually adjusted for different datasets. However, no method is presented in [25, 26] to adjust the threshold automatically. Meanwhile, Chow et al. [27] adopted the GA for the registration of partially overlapping range data by introducing the median of the residuals as an error metric. This can help improve the robustness of the registration but cannot fully make use of the paired points for calculation of the transformation, which can decrease the registration precision. Besides, Lenac et al. [28] also adopted the GA for the matching of 2D scan data by building a look-up table. Although this approach is efficient, it is difficult to set the resolution of the look-up table and the matching results may not be very accurate.
Recently, Chetverikov et al. [29] proposed the trimmed ICP (TrICP) algorithm for the registration of partially overlapping datasets, which incorporates an overlapping parameter into a least-squares (LS) function to automatically trim the outliers. Although it adopts the Golden Section search to accelerate the registration process, this approach is time-consuming in that it needs to be repeated by travelling over all the possible overlapping percentages to search for the best rigid transformation. Based on this work, Phillips et al. [30] presented an improved TrICP algorithm with much faster speed, which can simultaneously compute the best transformation and the overlapping percentage. Besides, Du et al. [31] also proposed an approach to extend the narrow band of convergence for the TrICP algorithm. Nevertheless, these three algorithms can also converge monotonically to a local minimum for any given initial parameters. To overcome this limitation, a well-designed GA was adopted to search for the pre-registration results for the TrICP algorithm [32] . Although this approach may provide good pre-registration results, it is ineffective in that it needs to find the optimal transformation from the huge search space.
As the original GA is a stochastic optimisation method, it is generally time-consuming. In this paper, we present two techniques to substantially increase the efficiency of the GA applied to solve the registration problem: (i) a centre alignment technique which can confirm the value range of all the registration parameters and reduce the bound of the search space and (ii) a growth operator that considers the growth process of the individuals in the population and allows the GA to search the optimised solutions in a more efficient manner. The first technique, the centre alignment strategy, allows us to transform the registration problem into the special one, which has the confirmed value range of all the parameters. This leads to a significantly reduced search space for the GA. The growth operator is also inspired by the biological evolution. It is simulated by the trimmed ICP algorithm, which has fast convergence speed. This can significantly improve the evolution efficiency, so that fewer individuals are required to search the optimal solution.
The remainder of this paper is organised as follows. After presenting a brief review of the GA in Section 2, Section 3 describes the proposed approach. Then, Section 4 provides the implementation details of the proposed approach. Following that is Section 5 in which the proposed approach is tested and evaluated on m-dimensional (m-D) datasets. In Section 6, the proposed approach is applied to the 2D gird map merging and the 3D object reconstruction. Finally, the conclusion is drawn in Section 7.
Genetic algorithm
The GA is a heuristic technique for searching the solutions to an optimisation problem. As a global search heuristics, the GA represents a particular class of evolutionary algorithms that use techniques inspired by evolutionary biology such as inheritance, mutation, selection and recombination. To solve a given problem, a typical GA requires: (i) genetic representation of the solution domain; (ii) a fitness function to evaluate the solution domain. Once these two issues are defined, the GA usually starts from a population of randomly generated individuals and searches the optimal solution in generations. In each generation, a typical GA employs the following three operators:
1. Selection (reproduction) operator, a proportion of the existing population is selected to breed a new generation. 2. Crossover operator, mates two parents to produce a new offspring. 3. Mutation operator, alters one or more gene values in an individual from its initial state.
More details can be referred to in [18] . As a stochastic optimisation, the typical GA is always time-consuming for solving some special problem.
Registration of the partially overlapping point sets
In this section, a novel GA technique is proposed to achieve the robust registration of the partially overlapping point sets.
Problem statement
Suppose there are two partially overlapping point sets in R m , a
j=1 , where ξ represents the overlapping percentage and P ξ is the overlapping part of P to Q. Denote q c(i) as the correspondence of point p i in Q and (R, t) as the optimal rigid transformation between P and Q, then, d( p i ) can be defined as
and P ξ can be mathematically defined as
where |P ξ | = ξ|P|. Before registration, there is no way to obtain the exact value of ξ. Hence, it should be optimised in order to trim the outliers and calculate the accurate rigid transformation. According to [29] , the goal of the partially overlapping registration between the two m-D point sets is to find the minimum of the objective function
where e(ξ, R, t) denotes the trimmed mean-square error and λ (in this paper, λ = 2) is the preset parameter. To view it in a more intuitive way, the goal of this registration problem can www.ietdl.org be represented as follows
Since a small overlapping part will not include enough information for registration, it should assume that the real overlapping percentage ξ between two point sets should be larger than 0.5. Otherwise, it is difficult to obtain robust and accurate registration results. Hence, ξ min = 0.5. Actually, it is difficult to solve (3) by some traditional optimisation methods as the optimisation efficiency of these methods is not very high and they are easy to be trapped into the local minima. Besides, most of the traditional optimisation approaches suffer from the curse of dimensionality problem. Consequently, a novel GA is proposed to efficiently solve this problem.
Fitness function
Intuitively, if the objective function value of one individual is adjacent to the minimum, it should be a good one and its fitness should be high. Hence, the objective function cannot be directly viewed as the fitness function, which can be formulated as
where (
) are the parameters encoded in the ith individual after growth. Equation (5) means that the smaller the value of the object function for one individual, the more the possibility that it can be selected and reproduced during reproduction.
Centre alignment
Usually, the GA starts with the population generated from the whole search space, which covers the entire range of possible solutions. If we have no priori information of the search space, a uniform distribution over a pre-defined range can be adopted to generate the initial population. For the registration problem, it needs to confirm the value range of all the registration parameters, which include overlapping percentage, rotation angle and translation vector. Although the value ranges of the other registration parameters are well defined, it is very difficult to obtain the value range of the translation vector between the model shape and the data shape, which can restrict the direct application of the GA to the partially overlapping registration. However, if these two shapes are centred and aligned, the value range of the translation can be confirmed easily.
Suppose that there are two partially overlapping 1D shapes, which are pre-aligned by a rotation matrix. As shown in Fig. 1 , the length of the model shape is 1, the centre of each shape is denoted by a black round, the overlapping part is signed by a solid line and it's length is s. Besides, the parameter h ∈ [0, s] is related to the overlapping parameter and guarantees ξ ∈ [0.5, 1]. Before registering these two shapes, they are centred and aligned as in Fig. 1a . By applying the translation t l = −Δl to the data shape, they can be matched as in Fig. 1b. From Fig. 1, it can obtain that
which means − 0.5 ≤ t l ≤ 0. Fig. 1 
hence, P and Q can be centred and aligned as P W
Based on the aforementioned conclusion, we can obtain − Δx ≤ t x ≤ Δx and − Δy ≤ t y ≤ Δy, for the m-D centre aligned point sets, where Δx = max(q j, x ) − min(q j, x ) and Δy = max(q j,y ) − min(q j,y ). Since the value range of all the registration parameters have been well defined, we can randomly generate the population, which covers the entire range of possible solutions. Then, the designed GA can be readily applied to search the optimal solution.
Growth operator
In biological evolution, children are always generated by a pair of mature parents, who also grow up from children. In other words, there is a growth phenomena in biological evolution. To improve the performance, a growth operator can also be introduced and designed in the GA. That is, one individual should go through growth before it mating with another mature individual. Hence, we can present the following definition: the growth operator is a genetic operator that makes a new offspring to be the mature individual, which has higher fitness than that of the raw one. According to (5) , it is obvious that one individual will certainly have high fitness if its corresponding objective function (3) is adjacent to the local or the global minimum. Hence, the growth operator should make the individual efficiently obtain a low objective function value. For the registration problem, the ICP algorithm is well-known for its speed to achieve rigid registration. Its variant is the TrICP algorithm, which fits for the registration of the partially overlapping point sets. Accordingly, the growth operator can be carried out by the TrICP algorithm. Given the initial parameters (ξ 0 , R 0 , t 0 ) encoded in the ith individual, the growth process includes the following four steps:
1. Update the new point subset P j k−1 :
2. Calculate the kth rigid transformation:
3. Setup the kth correspondence for each point in P:
4. Compute the kth overlapping percentage:
Steps (1) and (2) can be efficiently solved by the method presented in [30] , the correspondence c k (i) can be computed by many methods [33] [34] [35] [36] , such as the nearest point search algorithm based on the k − d tree [35] and the rigid transformation (R k , t k ) can also be calculated by many methods [37] , such as the singular value decomposition technique. Actually, the initial correspondence c 0 (i) can be calculated by (9) with the initial parameters (R 0 , t 0 ). When a new individual is generated from the reproduction step, it begins to grow up by repeating steps (1)-(4) until the objective function converges to the local minima. Hence, the growth process of the ith individual at generation t can be described as
where K denotes the maximum iteration number for repeating steps (1)-(4). In biological evolution, only mature and young individuals mate that can breed good offsprings. Accordingly, the value of K should be carefully chosen. By choosing K too large, most of the individuals tend to converge towards the local minima, so they are no longer young and would not preserve the diversity of the whole population. However, if the K is too small, then most individuals are not yet mature and may never be associated with high fitness. In practice, we have found that the choice of K = 5 for the 2D point sets and K = 8 for the 3D point sets in the growth process can acquire good registration results.
Other operators
During reproduction, the improved selection method is adopted to select the individuals, which are given probabilities of being selected that are directly proportional to their fitness. Besides, a simple one-point crossover was adopted and its probability is 0.9. As the approach proposed in [32] , two mutation operators were employed: shift mutation and replacement mutation. The former shifts one parameter randomly by a value not exceeding 10% of the parameter range, whereas the latter replaces a parameter with a random value. The total probability of the mutation is 0.5, where the probability of shift mutation is 0.45 and the probability of replacement mutation is 0.05.
Implementation issues
In the GA literature, there are two kinds of representation methods: binary and real value representation. Although binary representation is simple, it cannot obtain accurate results. While real value representation is proved to be more exact, even it may slow down the implementation of the GA. In our case, as the GA is adopted as an accurate solution, we choose the real value representation. In the GA, the generational process is repeated until a termination condition is reached. For the registration problem, a termination condition can be set as the optimal transformation is found. Consequently, the GA terminates once the best fitness crosses the following criterion
The other termination condition is that the fixed number of generations t is reached. Moreover, the final solution is compiled from the optimal transformation search obtained through the fitness function. In other words, it is the best fit individual's transformation that is chosen. Finally, it needs to recover the registration results of the raw point sets from that of the corresponding centre aligned point sets as follows
From the aforementioned discussion, it can reasonably outline the proposed approach as Algorithm 1 (see Fig. 2 ).
Experimental results
To verify the performance of our approach, experiments are performed on the following two kinds of datasets: (i) 2D shape data [38] [30] , the registration approach based on the original GA [32] and the registration approach based on the enhanced GA with hill-climbing [26] . In the TrICP algorithm, a point is only assigned one correspondence in the opposing dataset. Although in the other three competing approaches, a point interacts with the M points in the opposing dataset at one time. For the sake of fairness, the TrICP algorithm should be tried by M times with randomly generated initial parameters. As the methods presented in [26, 32] are both pre-registration approaches, the TrICP should be followed to obtain accurate registration results.
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For simplicity, the TrICP algorithm with M initial parameters, the original GA and the enhanced GA followed by the TrICP are abbreviated as MTrICP, GATrICP and GAHC, respectively. We set ε as 10 −6 , t as 30. All the utilised methods were implemented in Matlab on a desktop with a 3.1 GHz CPU and a 4 GB RAM.
Comparison
The following experiments are conducted to compare the proposed approach with three other related approaches.
From the aforementioned databases, one 2D horse shape and one 3D dragon shape are adopted. During the experiments, the selected shape is cut down by one part. Then, the left part was added with Gaussian zero mean noises and assigned to be the data shape. Furthermore, a randomly generated rigid transformation (R r , t r ) was applied to the selected shape, which becomes a transformed one. Then, the transformed shape was cut down by another part and turned out to be the model shape, which is partially overlapping with the data shape. Finally, the two 2D shapes can be aligned by different registration approaches, which can obtain the corresponding results for comparison and the comparison is implemented in two models.
Firstly, we fixed up the value of the overlapping percentage ξ = 0.75 and varied the population size M in different registration approaches. Since the GA is a class of stochastic optimisation algorithm, all the competing approaches should be tested on each kind of shape with different population size for 100 Monte Carlo (MC) trials. The successful rates and the average runtime of the successful registration for different approaches are displayed in Figs. 3a and b, respectively. As these registration results depict, the proposed approach is the most robust one among the four registration approaches under varying population sizes. In terms of efficiency, the original GA is the most efficient approach for the registration of the 2D shapes. The proposed approach becomes more efficient than the other two approaches when the population size reaches a certain quantity. However, to obtain the same successful rate, the proposed approach spends the least time among all the competing methods.
What is more, when referred to the 3D shapes, the proposed approach can obtain the most efficient registration results. Secondly, we fixed up the population size for all the registration approaches and varied the overlapping percentage between the model and the data shapes. The population size was configured as follows: M = 60 for the 2D shapes and M = 300 for the 3D shapes. To eliminate randomness, all the registration approaches were tested on each kind of shape with different overlapping percentage for the 100 MC trials. Then, the successful rates and the average runtime of the successful registration for different approaches were recorded in Table 1 . It shows that the proposed approach is more robust than the three other approaches under different overlapping percentages. For the 2D shape, the efficiency of the proposed approach is comparable with that of the other three registration approaches. Besides, the proposed approach is the most efficient one for the registration of the 3D shapes.
In summary, the proposed approach possesses good performance for the registration of the m-D partially overlapping point sets.
Performance analysis
The following experiments will show the performance of the proposed approach for the registration of the real m-D shapes.
The proposed approach was tested on different 2D and 3D shapes with varying overlapping percentages. In the experiments, the population sizes for the 2D and the 3D shapes are set to be 90 and 300, respectively. To eliminate randomness, each pair of shapes were tested for 20 MC trials. During the experiments, the root-mean square (RMS) error of the final paired points, average runtime, iteration count, successful rate of registration and other relevant information for each of the shapes were reported in Table 2 . Table 2 illustrates that the proposed approach can always obtain good registration results for the point sets, which have a certain amount of overlapping percentage (ξ > 0.5) between each other. The registration precision is very high because of the real value representation in the GA and the successful rate of registration is also very high. Besides, when the proposed approach is applied to the generic point sets, its runtime is acceptable. However, when it is applied to the relatively large number of points, its runtime is considerable. To view the results in a more intuitive way, the registration results of the three 2D and 3D shapes are displayed in Fig. 4 . As these registration results show, the proposed approach can reduce the search space of the translation parameters by centre alignment. More importantly, it can accomplish the registration of the partially overlapping point sets with high accuracy.
Finally, the proposed approach is tested on some special datasets, which have low overlapping percentage (ξ < 0.35) between the model and the datasets. The registration results are displayed in Fig. 5 . These results depict that the proposed approach cannot always work well if the overlapping percentage is too low. When the overlapping percentage is low, there may be insufficient corresponding points for estimating the fitness of the individuals, hence, the proposed approach has a tendency to converge towards the local minima or even the arbitrary points rather than the global minimum. Based on the above discussion, we can conclude that the proposed approach can work well until ξ < 0.35.
Application
This section will verify that the proposed approach can be applied to the 2D grid map merging and the 3D object reconstruction. www.ietdl.org
Merging 2D grid maps
As one of the key techniques in cooperative mapping by the multi-robot system, map merging is a challenging issue in the field of mobile robot. According to [8] , the goal of map merging is to find the rigid transformation so that the two partially overlapping maps can be well aligned. In the grid map, each cell may contain three different values, indicating whether the cell is unknown, free or if its status is occupied. Since the shape of the grid map can be perfectly sketched by all the occupied cells, one grid map can be viewed as a point set, where each point represents the centre of one occupied cell. Therefore the grid map merging problem can be reasonably viewed as the registration of the partially overlapping point sets, which can be solved by the proposed approach. To verify the proposed approach, an experiment was performed on the public real dataset [Robotics Datasets. http://www. informatik.uni-freiburg.de/~stachnis/datasets.html]. As shown in Fig. 6 , there are two partially overlapping grid maps, which are produced by the robot exploring various parts of the same environment. With the boundary extraction algorithm, these two grid maps can be transformed into two partially overlapping point sets. By applying the proposed approach, we can find the optimal rigid transformation between these two maps and obtain the merged grid map shown in Fig. 6c. 
Reconstruction of 3D objects
To build the 3D object model, range scanners are required to acquire scans from different viewpoints for covering the entire object surface. These scans must then be registered in a common reference frame resulting in one integrated object. Compared with the registration of two scans, the multi-view registration problem is somewhat more difficult because of the large number of registration parameters. Accordingly, most multi-view registration algorithms are heavily dependent on the initial alignment, which can be obtained as follows. By applying the proposed approach, it is convenient to obtain the registration results {R i−1,i , t i−1,i )} of the individual scan pairs, and all the scans can then be sequentially transformed into a common reference frame as follows
where R 1 = I 3 × 3 and t 1 = [0; 0; 0] T . To verify the proposed approach, an experiment was performed on Stanford Bunny, which includes ten scans acquired from different viewpoints. As shown in Fig. 7 , all the scans can be transformed into the reference frame attached to the first scan with the registration results provided by the proposed approach. To view the registered Stanford Bunny in a more intuitive way, Fig. 7 also presents it in the form of a cross section. Since there exists accumulation of error during the sequential transformation of each scan, the proposed approach may not be able to obtain very accurate multi-view registration results. However, it can be adopted to provide a good initial alignment for some multi-view registration algorithms [1, 3] .
Conclusion
This paper presents a robust registration approach with the novel GA, which includes the growth operator carried out by the trimmed ICP algorithm. It allows us to globally search the optimal registration solution in a more efficient www.ietdl.org manner and can significantly reduce the required size of the population in the GA. In addition, it introduces the centre alignment strategy, which can confirm the value range of all the registration parameters and thus allows the designed GA to be directly applied to solve the registration problem. Experiments have been implemented and evaluated on m-D datasets. Tests performed with the proposed approach in different overlapping percentages have demonstrated its ability to accomplish the registration of the partially overlapping point sets with good robustness and efficiency. Accordingly, it can be applied to these domains, which require us to accomplish the registration of the 2D or the 3D point sets with overlapping percentage ξ ≥ 0.5.
Although the proposed approach has achieved good results for the rigid registration, there are still many degrees of freedom that could be explored, such as the extension of this approach to the scaling or the affine registration. Since there may exist a scale factor in the other registration problem, hence the form of the objective function (4) cannot be directly applied to these registration problems. To address this issue, some other objective function should be designed and then appropriate GA variants can be applied to solve these problems. Future work will extend the proposed approach to the non-rigid registration.
